A method to quantitatively evaluate the propagation of parametric fluorescence is proposed. The probability distribution of photon pairs, including the influence of the optical setup in accordance with the wave vector and frequency, is numerically calculated. From this probability distribution, the coincidence counting probability can be simply evaluated. Comparing with experimental data of the iris size dependences of single and coincidence counting rates, the calculated results reproduce the experimental data well without the use of fitting parameters.
I. INTRODUCTION
Novel technologies using quantum-correlated photon pairs have been attracting attention recently ͓1-6͔. For example, quantum lithography has the potential to achieve high spatial resolution beyond the Rayleigh diffraction limit ͓5͔. In order to realize these technologies, a source that emits photon pairs with high yields and in well-defined modes is critical. For such photon-pair generation, the spontaneous parametric down-conversion ͑SPDC͒ process in a nonlinear crystal has been widely used ͓6-9͔. However, in the experiments, it is necessary to efficiently collect the generated photon-pairs from the crystal to the targets ͑detectors or twophoton absorbers͒ passing through optical components such as filters, lenses, and apertures. For this purpose, the propagation of photon pairs through the optical system has been investigated ͓10-13͔. Two approaches, geometrical and analytical, have been used primarily.
As an example of the geometrical approach, Pittman et al. performed a series of imaging experiments that demonstrated the two-photon geometric optics effect by taking advantage of momentum entanglement ͓10,11͔. Imaging in coincidence counts of an aperture placed in one of the down-conversion beams was found to be the equivalent of classical geometric optics. The advantage of this method is that the propagation of photon pairs is intuitively comprehensible. However, similar to typical geometric optics, it is difficult to discuss the counting rates quantitatively.
As an example of the analytical approach, Joobeur et al. derived analytical expressions for the fourth-order spatiotemporal coherence function, which is proportional to the coincidence rate ͓12,13͔. Using these expressions, they quantitatively discussed the coincidence rate of far-field downconverted light. However, such an analytical approach generally requires specific assumptions in order to solve the problem. Therefore if the method is applied for a different purpose, a major modification may be necessary. In addition, the analytical approach is not intuitively comprehensible.
In the present paper, we propose a different method to evaluate the propagation of photon pairs ͑single and coincidence counting rates͒ through optical components using numerical analysis. Boeuf et al. proposed a method of numerically determining the phase-matching configurations in both uniaxial and biaxial crystals ͓14͔. They numerically calculated the dependence of the phase-matching function, which is proportional to the single counting rate, on the wavelength and output angles ͑tuning curve͒. Based on their research, we have developed a numerical method to quantitatively evaluate the single counting rate of photons passing through optical components, such as frequency filters and apertures. In the proposed method, the influence of each optical component is taken as a transmittance function in the frequency domain or in the wave-vector domain. Multiplying these transmittance functions ͑"filters"͒ by the phase-matching function ͑"tuning curve"͒ yields the detection probabilities.
Furthermore, we expand our method to evaluate the coincidence counting rate of the photon pairs through the optical components. We derive the conditional single counting probability considering the correlation in the phase-matching function. Then, we confirmed that the proposed method successfully reproduced the experimental data without any fitting parameters. With our method, the photon pairs through optical components can be analyzed visually and intuitively. Although our method is applicable to the type-I SPDC process ͓15͔, here we concentrate on the type-II SPDC process.
The paper is organized as follows. In Sec. II, we explain the concept of the tuning-curve filtering method. We describe the experimental setup for single and coincidence counting rates in Sec. III. In Sec. IV, experimental results are compared with the calculated results obtained using the proposed method, before conclusions in Sec. V.
A. Tuning-curve filtering method
Here, we concentrate on the type-II SPDC ͓7,9,16͔. Figure 1 shows the model used in the following analysis. We ignore the walk-off effect in the crystal for the photon pairs. We define the x-z plane to include the propagation axis of the excitation light and the optical axis of the crystal. The angle of the crystal axis with respect to the z axis is denoted as p .
When multiphoton-pair emission can be ignored, the state ͉͘ of the generated photon pairs from the crystal is given by ͓13,17͔
where k indicates the wave vector and â † ͑k͒ is the creation operator for the mode with k at the crystal. The subscripts s, i, and p denote the signal, idler, and pump modes. The magnitudes of the wave vectors ͉k j ͉ ͑j = s , i͒ are given by j n j / c, where n j is the refractive index of the crystal, j is the angular frequency, and c is the speed of light. For the type-II SPDC, n i and n s are the refractive indices for the extraordinary-ray and ordinary-ray ͓n i = n i ͑k i ͒ and n s = n s ͑ s ͔͒, respectively. F͑k s , k i ͒ is the phase-matching function, and ͉F͑k s , k i ͉͒ 2 indicates the creation probability of the generated photon pairs with k s and k i . ͉F͑k s , k i ͉͒ 2 is given by ͓13,14,17͔
where h tr ͑⌬k x ,⌬k y ͒ = expͩ− 1 2 w 2 ͑⌬k x 2 + ⌬k y 2 ͒ͪ , ͑3͒
⌬k x , ⌬k y , and ⌬k z are the x, y, and z components of ⌬k
cates energy conservation.
Using Eq. ͑2͒, we define the event probability of the creation of single photons, P͑k s ͒, emitted in the direction of k s with frequency s . The biphoton probability amplitude of photons with ͑k s , s ͒ and ͑k i , i ͒ can be written as
The event probability of the creation of signal photons can be defined by integrating over all combinations of pair photons with k i in path i,
Next, the influences of the optical components set in each optical path should be taken into account. We define an annihilation operator with mode k s at the detector, b ͑k s ͒. The operator is given by ͓17͔
͑7͒
Here, s indicates the quantum efficiency of a photodetector, t filter ͑ s ͒ is the amplitude transmittance of the frequency filter, and t iris ͑k s ͒ indicates the amplitude transmittance of the iris, the center of which is set at k iris with an acceptance angle of ⌬ s and a symmetrical profile around the iris center. For simplification, we have assumed that the frequency filter is angle independent, while the iris is frequency independent. In order to evaluate the individual single-photon detection probability S͑k s ͒ after passing through the optical components in path s, we replace â ͑k s ͒ in Eq. ͑6͒ with b ͑k s ͒,
where the influence of the frequency filter and the iris set in path s can be taken as the intensity transmittance functions s ͑ s ͒ = ͉t filter ͑ s ͉͒ 2 and s ͑k s ͒ = ͉t iris ͑k s ͉͒ 2 , respectively. Thus we find that the detection probability S͑k s ͒ is equivalent to the event probability P͑k s ͒ filtered by the intensity transmittance functions of the optical components in path s.
Next, we discuss the conditional single-photon detection probability C͑k s ͒ of a signal photon with k s when the corresponding idler photon is detected by Detector i. C͑k s ͒ can be derived from the replacement of the remaining â ͑k i ͒ in Eq. ͑8͒ with b ͑k i ͒,
This probability reads the creation probability of the pair photons ͉F͑k s , k i ͉͒ 2 filtered by the transmittance functions of the optical components in both paths s and i. FIG. 1 . Model of the optical system used for the calculations. A monochromatic excitation light with a Gaussian profile ͑width w͒ propagating along the z axis is incident onto a beta-barium borate ͑BBO͒ crystal with a thickness of L. The crystal produces photon pairs ͑signal and idler photons͒ that satisfy the phase-matching condition of the type-II SPDC. The generated photons propagate through the optical components ͑interference filters and irises͒ set in each path ͑paths s and i͒ at a distance of D from the crystal. All photons passing through the optical components are detected by photodetectors.
Note that S͑k s ͒ and C͑k s ͒ can be easily obtained by applying the transmittance functions ͑filters͒ to ͉F͑k s , k i ͉͒ 2 ͑tun-ing curve͒. Similarly, the probabilities P͑K i ͒, S͑k i ͒, and C͑k i ͒ can be found by exchanging subscripts s and i.
In order to test the proposed method, we performed experiments using a setup that is similar to the model in Fig. 1 . We measured the acceptance-angle-dependent single and coincidence counting rates, R 1 ͑⌬ s ͒ and R c ͑⌬ s , ⌬ i ͒, while varying the iris size set in each path. R 1 ͑⌬ s ͒ is derived by integrating over k s in Eq. ͑8͒,
͑10͒
We can also derive R 1 ͑⌬ i ͒ by exchanging the subscripts s and i.
which is the integration of all creation probabilities ͉F͑k s , k i ͉͒ 2 of photon pairs with ͑k s , s ͒ and ͑k i , i ͒ filtered by the transmittance functions in both paths. Note that, once ͉F͑k s , k i ͉͒ 2 is obtained, all detection probabilities ͓P͑k͒, S͑k͒, and C͑k͔͒ and acceptance-angle-dependent counting prob-
B. Calculation of the creation probability using spherical coordinates
In this section, based partly on Refs. ͓13,14,17͔, we consider ͉F͑k s , k i ͉͒ 2 with an arbitrary wave vector k i and a fixed wave vector k s ͑=k s 0 ͒ using spherical coordinates. It is convenient to choose the central idler wave vector k i 0 , which satisfies the perfect phase-matching condition ͑k s 0 + k i 0 − k p =0͒ and energy conservation ͑ s + i = p ͒ ͑Fig. 2͒. In spherical coordinates, wave vectors can be defined by the polar angle measured from the z axis, the azimuthal angle from the x axis in the x-y plane, and the frequency . The wave vectors k s 0 and
, and i 0 are the spherical coordinates shown in Fig. 2 . i and i are the spherical coordinates for the direction k i . For the given k s 0 , the components ⌬k x , ⌬k y , and ⌬k z of the phase mismatch ⌬k inside the crystal are given by
After a simple calculation, ⌬k Ќ 2 = def ⌬k x 2 + ⌬k y 2 in Eq. ͑3͒ is written as
In order to calculate the refractive index n i for the extraordinary ray in the direction of k i , we must solve the optical indicatrix equation ͓14͔. Since the optical axis of the crystal is considered to lie in the x-z plane, n i is given by
where
p indicates the direction of the optical axis of the crystal. n o = n o ͑͒ and n e = n e ͑͒ indicate the principal refractive indices of the crystal at a given wavelength and can be calculated from the Sellmeier equations ͓14͔. Note that n s and ͉k s ͉ are functions of ͑ s , p ͒, and n i and ͉k i ͉ are functions of
Substituting ⌬k Ќ and ⌬k z into Eqs. ͑2͒-͑4͒, we find that ͉F͑k s , k i ͉͒ 2 can be rewritten as a function of ͑ i , i , i ͒ for the given ͑ s , s 0 , s 0 ͒ as follows:
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Similarly, P͑k s ͒ in Eq. ͑6͒ is rewritten as follows:
where J is the Jacobian for the transformation from dk i to
Note that, as a result of energy conservation, the three-dimensional integration in Eq. ͑6͒ has been reduced to two-dimensional integration. S͑k s ͒ in Eq. ͑8͒ and C͑k s ͒ in Eq. ͑9͒ also become as follows:
where ͑k͒ is denoted as ͑ , ͒, because ͑k͒ is independent of . R 1 ͑⌬ s ͒ in Eq. ͑10͒ and R c ͑⌬ s , ⌬ i ͒ in Eq. ͑11͒ can also be rewritten as
where JЈ is also the Jacobian for the transformation from dk s to d s d s 0 d s 0 . These probabilities for idler photons can be similarly defined by exchanging subscripts s and i.
C. Calculation for the beam-like twin-photons using type-II SPDC [7]
In order to test the proposed method, we compare the calculated probabilities with the experimental results using a setup similar to the model ͑Fig. 1͒. In this section, we explain how to calculate the probabilities using Eqs. ͑16͒-͑21͒ under specific experimental conditions, namely the phasematching condition for the beamlike twin-photon generation ͓7͔, which was used in the experiments. The parameters used in the experiments were listed in Table I . Under this condition, the distribution of the emitted photons in each path is estimated to be below 3°around each central propagation axis of the twin photons, the directions of which are determined by ͑ s c Ӎ 2.1°, s c =0͒ and ͑ i c Ӎ 2.1°, i c = ͒ in the crystal ͑see Fig. 3͒ Let us consider the integration over i in this situation. In Eq. ͑16͒, n i and the third term, including cos͑ i − s 0 − ͒, depend on the parameter i . With the experimental parameters, the change in n i along the azimuthal direction i is estimated to be less than 3%. Therefore we neglect the i dependence of n i in order to simplify the calculation. For the third term, the result of the integration over i is as follows:
where 
According to these results, P͑ s , s 0 , s 0 ͒ in the x-z plane ͓Eq. ͑17͔͒ is simply given by
where N is the normalization constant. Using Eqs. ͑25͒ and ͑26͒, S͑ s , s 0 , s 0 ͒ and C͑ s , s 0 , s 0 ͒ in the x-z plane ͓Eqs. ͑18͒ and ͑19͔͒ are also written as
where s ͑ s ͒ and i ͑ i ͒ were assumed to be rectangular step functions ͑1 for inside the iris and 0 for outside the iris͒ with the point of symmetry. Under the assumption that the generated photons are distributed symmetrically around each central propagation axis, R 1 ͑⌬ s ͒ in Eq. ͑20͒ and R c ͑⌬ s , ⌬ i ͒ in Eq. ͑21͒ can be calculated using S͑ s , s 0 ͒ and C͑ s , s 0 ͒, as follows:
where s c indicates the emission angle of the type-II beamlike twin-photon generation. Those probabilities for idler photons can be similarly defined by exchanging subscripts s and i.
D. Numerical calculation
In order to perform the numerical calculation, we used the discrete approximation in the and regions, that is, the integration ͐d ͐ d was replaced by ͚ ͚ ␦␦ with the intervals of ␦ and ␦. These intervals were set to be sufficiently smaller than the phase mismatch as determined by the transverse profile of the excitation beam and the crystal thickness. The parameters were set according to the experimental conditions ͑Table I͒. s and i were taken from −3°to 3°in the crystal ͑from −5.5°to 5.5°outside the crystal͒. s and i were taken from 795 to 805 nm. These wavelengths and angles were divided by 2000 points, which means that angles larger than 0.05°. However, with the parameters under consideration, photons are emitted in the valid region ͉͑Ј ͉ ജ 0.05°͒, as shown in Fig. 4 . Figure 5 shows a two-dimensional plot of the individual single-photon detection probabilities S͑ s , s ͒ and S͑ i , i ͒ after passing through the frequency filter without the irises Fig. 5 is considered to be the product of the values in Fig. 4 and the intensity transmittance functions of the frequency filter, s ͑ s ͒ and i ͑ i ͒, which were assumed to have the same Gaussian profile, as shown in Fig. 6 and Table I. s ͑ s ͒ and i ͑ i ͒ were assumed to be set at s = 2.1°and i = −2.1°in the crystal ͑ s = 3.35°a nd i = −3.38°outside the crystal͒, which corresponds to the emission propagation axis for type-II beamlike twin-photon generation. The quantum efficiency of the photodetector was assumed to be s = i =1. Figure 7 shows a two-dimensional plot of the conditional single-photon detection probabilities C͑ s , s ͒ and C͑ i , i ͒ calculated using Eq. ͑28͒. Here, C͑ s , s ͒ means the detection probability of signal photons with s and s when the idler photons through the iris in path i are detected. In the calculation, the iris was assumed to be set only in path i centered at i = −2.1°in the crystal ͑ i = −3.38°outside the crystal͒ with the acceptance angle ⌬ i = 0.43°. The position of the iris in path i almost corresponded to the emission propagation axis for type-II beamlike twin-photon generation. The frequency filters were set in each path. Compared with Fig.  5 , it is clearly seen that the profile of C͑ s , s ͒ in Fig. 7 is affected by the iris in path i. In other words, the influence of the iris in path i appears in the detection probability of signal photons in path s, where the iris is not set, through the correlation of the phase-matching function. Note that the distribution of C͑ s , s ͒ is slightly broader than that of C͑ i , i ͒.
We also calculated R 1 ͑⌬ s ͒ and R c ͑⌬ s , ⌬ i ͒ from Eqs. ͑29͒ and ͑30͒ using the discrete approximation and calculated S͑ , ͒ and C͑ , ͒. In order to compare the calculated results with the experimental data, the details are described in the following section.
III. EXPERIMENTAL SETUP
The experimental setup, which is similar to the model in Fig. 1 , is shown in Fig. 8 . A horizontally polarized second harmonic beam ͑wavelength: 399.6 nm; power: 50 mW; Gaussian profile with a width of 500 m͒ from a ring-cavity SHG unit ͑MBD-200, Coherent͒ excited by a tunable CW Ti:sapphire laser ͑MBR-110, Coherent; wavelength: 799.3 nm, full width at half maximum: 100 kHz͒ was used as the excitation light. The excitation light was incident on a BBO crystal ͑5 ϫ 5 ϫ 5 mm͒. The angle between the excitation light and the optical axis of the crystal was set to be 41.4°for the type-II beamlike twin-photon generation ͓7,9͔. The photon pairs had orthogonal polarizations and passed through an interference filter ͑IF; center wavelength: 799.3 nm, full width at 1 / e 2 : 2.9 nm, shown in Fig. 6͒ . The excitation light was then cut by dichroic and color filters ͑F1 and F2͒. Irises to select the photon-pairs were set at 40 or 70 cm from the crystal in each path, and the center of the irises were adjusted for maximal values of the single and coincidence counting rates. The photon pairs through these optical components were collected and focused onto the active area of the single-photon counting modules ͑SPCM: SPCM-AQR-14, Perkin-Elmer; quantum efficiency: ϳ50% @800 nm͒ by a lens having a focal length of 100 mm. Signals from the SPCMs were sent to a counter ͑SR400, Stanford Research Systems; gate time: 4 ns͒, and the single and coincidence counting rates were measured. The raw counting rates obtained were compensated by the transmittances of the optical components, the background counts, and the quantum efficiencies of the SPCMs. Using a ray tracing method, we confirmed that all of the photons through the optical components were detected by the SPCMs as long as the iris diameter was between 3 and 15 ͑18͒ mm at a distance of 40 ͑70͒ cm from the crystal. Figure 9 shows the single counting rates measured with changing the iris sizes at ͑a͒ 40 and ͑b͒ 70 cm from the crystal. Open circles and solid circles indicate the results measured in the signal and idler paths, respectively. First, we used irises with diameters of 3 mm or less, and adjusted their positions to maximize the single counting rate in each path. We then measured the single counting rates by changing the diameters of individual irises. In Fig. 9͑a͒ , the measured single counting rates increase with increasing iris size. When the iris diameter is larger than 12 mm, the single counting rates begin to saturate. In Fig. 9͑b͒ , we also find similar behavior, wherein the saturation occurs for iris diameters of over 15 mm.
IV. RESULTS AND DISCUSSION
The solid lines in Fig. 9 indicate the calculated results of R 1 ͑⌬ s ͒ and R 1 ͑⌬ i ͒ using Eq. ͑29͒ with the calculated results of S͑ s , s ͒ and S͑ i , i ͒. After calculating S͑ s , s ͒ for given ⌬ s in Eq. ͑27͒ for each s and s , R 1 ͑⌬ s ͒ was calculated by taking the summation of S͑ s , s ͒ over s and s in the range of the integration. Repeatedly calculating R 1 ͑⌬ s ͒ with changing ⌬ s , the acceptance-angle-dependent single counting probability was calculated. For R 1 ͑⌬ i ͒, a similar calculation was performed using S͑ i , i ͒. In the calculation, ⌬ s and ⌬ i were taken from 0 to 2.1°and divided by 100 points. The irises were assumed to be set at i = −3.38°and s = 3.35°o utside the crystal, wherein R 1 ͑⌬ s ͒ and R 1 ͑⌬ i ͒ exhibited a maximum in each path. From the calculation of the perfect phase-matching condition, these s and i corresponded approximately to the emission angles for type-II beamlike twin-photon generation. The iris sizes were converted from ⌬ j ͑j = s , i͒ in the calculation by the simple relation of ӍD tan͑⌬ j ͒. Comparing the results at 40 and 70 cm, the calculated results were found to correspond well with the experimental results. The overall behavior, such as the rise at a smaller iris size, the subsequent linear increase, and saturation, can be reproduced without any fitting parameters. It should be noted that the solid line in Fig. 9͑b͒ corresponds to the enlarged view of Fig. 9͑a͒ from 0 to 10 mm. Since the experimental data at 40 and 70 cm correspond well to the calculated results, we can confirm that the influence of the diffraction effect, which is ignored in the calculation, is sufficiently small. Next, Fig. 10 shows the iris size dependences of the coincidence counting rates with the iris set at a distance of 40 cm in each path. First, we used irises with diameters of 3 mm or less, and adjusted their positions to maximize the coincidence counting rate. We then measured the coincidence counting rate by changing the iris size in the signal path and fixing the iris size in the idler path. For a given fixed size of the iris in the idler path, the coincidence counting rate initially becomes larger as the size of the iris in the signal path is increased. The coincidence counting rates then saturate at a certain iris size. The size at which the saturation begin is approximately the same as the size of the opposite iris. This behavior is observed for all sizes of the iris in the FIG. 9 . Iris size dependencies of the single counting rate measured in the signal ͑circles͒ and idler ͑solid circles͒ paths at distances of ͑a͒ 40 and ͑b͒ 70 cm, respectively. The photon counting rates were averaged over ten measurements. Statistical errors of the data were less than 3% of the average value. The solid line indicates the calculated results. These values were normalized by the maximal values with the iris diameters of ͑a͒ 15 and ͑b͒ 18 mm. FIG. 10 . Iris size dependences of the coincidence counting rate at a distance of 40 cm. The sizes of the iris in the idler path were set to 3 ͑circles͒, 5 ͑solid diamonds͒, 8 ͑solid inverted triangles͒, 10 ͑solid triangles͒, 12 ͑solid squares͒, and 15 ͑solid circles͒ mm, respectively. The lateral axis indicates the iris size in the signal path. The coincidence counting rates were averaged over ten measurements. Statistical errors of the data were less than 4% of the average value. Solid lines indicate the calculated results obtained by changing the fixed iris size. From bottom to top, the sizes were 3, 5, 8, 10, 12, and 15 mm. Each of the experimental and numerical data was normalized by the maximal value when both of the iris sizes were set to be 15 mm.
idler path. Solid lines in Fig. 10 indicate the calculated results of R c ͑⌬ s , ⌬ i ͒ in Eq. ͑30͒. The procedure was similar to that for R 1 ͑⌬ s ͒. The difference was the use of C͑ , ͒ instead of S͑ , ͒. In the calculation, we calculated R c ͑⌬ s , ⌬ i ͒ for six different sizes of the iris in path i ͑see Fig. 10͒ . ⌬ s was taken from 0 to 2.1°and divided by 100 points. The irises in each path were assumed to be set at −3.38°in path i and 3.35°in path s. For a given fixed size of the iris in path i, R c ͑⌬ s , ⌬ i ͒ becomes larger with increasing size of the iris in path s. The probability then saturates at a certain iris size, which is approximately the same as the size of the iris in path i. Similar behaviors are observed for all of the iris sizes in path i. These behaviors can also be explained by the two-photon geometric optics proposed by Pittman et al. ͓10͔ , where they suggested that an out-of-focus image of the fixed iris was projected onto the opposite iris via the correlation of the photon pairs.
From the above results, we can conclude that, using the proposed method, the coincidence counting rates as well as the single counting rates can be reproduced without any fitting parameters, except for the normalization. In addition, the assumption of the symmetrical distribution of the generated photons is valid under the given conditions. The slight disagreements between the numerical results and the experimental data may be attributed primarily to the systematic errors in the experiment, such as the size of the irises, the distances of the irises from the crystal, and the position of the iris center.
V. CONCLUSIONS
We proposed the tuning-curve filtering method to evaluate the propagation of photon pairs through the optical components, in which the influence of the optical components set in the propagation axis of photon pairs can be analyzed by applying the transmittance functions of the optical components to the tuning curves. In this method, once the phasematching function F͑k s , k i ͒ is obtained, the propagation of photon pairs through optical components can be calculated. Comparing with the experimental results, we confirmed that the calculated results using this method reproduced the experimental results of the single counting rates and the coincidence counting rates. Since this result indicates that the proposed method is valid, we can analyze the propagation of the photon pairs through arbitrary optical components by using the tuning-curve filtering method. Finally, we briefly note that the proposed method can also be applied to other phasematching conditions, such as sources of Kwiat et al. ͓6͔, using Eqs. ͑17͒-͑21͒, although a large amount of computational power may be required.
